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WAVE FUNCTIONS OF THE HYDROGEN MOLECULAR ION

By D. R. BATES, KATHLEEN LEDSHAM anp A. L. STEWART
Queen’s University, Belfast, and University College, London

(Communicated by H. S. W. Massey, F.R.S.—Received 13 March 1953—Revised 13 May 1953)
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The 1so,, 250, 350, 2p0,, 3po,, 4p0,, 3do,, 4f 0, 2pm, and 3dm, states of the hydrogen molecular
ion are investigated. The main results are given in the form of tables of parameters from which
the electronic wave functions (in spheroidal co-ordinates) can be obtained. A representative
selection of contour diagrams is also presented.

1. Thestructure of the hydrogen molecular ion has been studied by a number of theorists;
thus, Burrau (1927), Hylleraas (1931), Jaffé (1934), Sandeman (1935) and Johnson (194r)
have solved the exact wave equation for the ground state; and Guillemin & Zener (1929),
Morse & Stueckelberg (1929), Teller (1930), Dickinson (1933), Gilbert (1933), Coulson
(1937), Pritchard & Skinner (1951) and others have performed approximate calculations
on both this state and some of the excited states. However, in spite of this, adequate tables
of the electronic wave functions do not appear to have been published. A demand for
tables of these wave functions arose recently in connexion with investigations which are
being undertaken in Belfast and London on a variety of problems, including the deter-
mination of such quantities as the oscillator strengths of the allowed and forbidden
transitions of Hy, and the cross-sections associated with the excitation of hydrogen atoms
by slow protons. It was necessary, therefore, to carry out the relevant computations. The
present paper gives the results obtained for the following states:
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united atom separated atomsT form of potential
designation designation energy curve
. Lso, o (1s) deep minimum
250’ o (25, 2p,) repulsive
3&0‘ o (3s, 3p,, 3d,) repulsive
2pa' a* (1s) repulsive
3po, a* (25, 2p,) repulsive
4po, o* (3s, 3p,, 3d,) repulsive
3do, o (25, 2p,) shallow minimum
4fo‘ o* (25, 2p,) repulsive
2p, m (2p,) shallow minimum
3dm, m* (2p,) repulsive

In the case of Hj the united atom designation is especially appropriate (cf. Herzberg 1950),
and consequently the separated atoms designation (which though convenient in chemical
discussions is sometimes ambiguous) is not used hereafter. As a wide range of inter-nuclear
separations is covered the actual wave functions would occupy very many pages. Instead
of displaying them in full, sets of parameters are tabulated from which they may readily
be derived.

2. Ignoring the finiteness of the mass of the protons the Schrodinger equation for the
electronic wave functions of Hj is

sl G} - S (et 1 G+ ARER ) + 2R — 0, (1)

where A and g are the usual confocal elliptic co-ordinates, ¢ is the azimuthal angle, R is the
distance between the two nuclei in atomic units, and £ is the electronic energy in Rydbergs.

Writing (A, 4, 4) = A(2) M(x) D(¢) (2)
and p*=—1iRE, (3)
we obtain at once (cf. Baber & Hassé 1935) that
Q) = G (1) (m=10,1,2,...), (4)

and that M(x) and A(A) satisfy

d dM 2

aul =) g || A= M=o (5)
and {(/12—1) ‘flf}}Jr{AjLzm e "il} A—o, (6)

4 being a separation constant.

Equation (5) has been studied in great detail by Stratton, Morse, Chu & Hutner (1941).
If m and p are specified, proper solutions exist only for particular values of the separation
constant. These eigenvalues are the roots of an equation involving an infinite continued
fraction. The eigenfunction, M (I, m, p | ), corresponding to the (1 —m-{)th root, A(l, m, p),
may be expanded in terms of the associated Legendre polynomials,

ML m, p| 1) = 2yl ) P (1), (7)

T The symbols within the brackets represent the atomic orbitals, which, of course, belong to both nuclei.
Odd (u) states are indicated with an asterisk, and even (g) states are left plain (cf. Coulson 1952). The former
are all unstable but the latter are no¢ all stable.
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ON WAVE FUNCTIONS OF THE HYDROGEN MOLECULAR ION 217

the summation being over even values of s if ({+m) is even, and over odd values of s if
({+m) is odd. Stratton et al. have published tables giving the separation constants and the
expansion coefficients as functions of p for the lower values of / and m (which are the values
of most interest).

Analytical solutions of (6) have been derived by Jaffé (1934), who writes

Ad) = (B—1) (A+1)7exp (—pA) y(£), (8)
with o= fg——m—l, ‘ (9)
and (= A—1)/(A+1), (10)

so that  {(1—0)2 G4+ (n+-20—1) @+-2(r—2p—1) {-+m+11

+o(o +m)Cho(142p) +m(m+14+0) + ATy =0,  (11)

where A = A—p2 (12)
Taking y=73 gl (13)
=0

and substituting in (11), he obtains the three-term recurrence relation
%81 —Fi& T Vi1 = 0y (14)
with o4, = (t+1) (t+m+1),
=20+ (4p—20) t—A'—2pc— (m+1) (m+0), (15)
y,= (t—1—0) (t—1—0c—m).
It follows that Gl& = Fy (16)
where F, is the continued fraction
Vi %Y1 %r1Vir2 17
ﬂt— ﬂt+l - /))t+2 ( )
Noting that g_, is zero we have therefore that
ﬂO/aO:Fl' v (18)

The eigenvalues of ¢, for given p, m and 4', are the roots of this equation. When p is zero they
can be found by inspection, but in general it is necessary to proceed by successive approxi-
mations. The designation o(n, [, m; p) will be used to denote the (n—/)th root, the constant

A’ being taken as A,(l,m;p) — A(l’m;p) ___p?.. (19)

Computations were carried out giving o(n,/,m; p) as a function of p for the following

cases: l=0;n=1,2,3 (ie. lso, 250, 3s0,),

[=1; n=2,3,4 (ie. 2po,, 3po,, 4p7,),

m=20 .
[=2;n=3 (ie. 3da,),
U=3;n=4 (i.e. 4f0,),
[=1;n=2 (i.e. 2pm,),

m=1 .
l=2;n=3 (i.e. 3dm,).

28-2
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The corresponding values of the distance between the two protons, R(n, [, m; p), were got
from (9) and, with the aid of inverse interpolation, the basic parameters were then deter-
mined as functions of this distance. For the ten states studied we thus have p(n,/,m; R)
(and hence, from (3), E(n,[,m; R)), A’ (n,{,m; R) and o(n,l,m; R). Table 1 gives the values
obtained.t An R-range of from 0 to 10 is covered where the data of Stratton et al. are suffi-
ciently extensive to make this possible. Finally, the coeflicients of the y-expansion (which
Stratton ef al. present as f(m, [; p)) were converted to the form f(n, [, m; R) by direct inter-
polation; and the coeflicients of the A-expansion, g(n,[,m; R), were found by numerical
substitution in Jaffé’s recurrence relation. These coefficients are displayed in tables 2
and 3 respectively. Normalization factors are not included but they may easily be computed.
It may be noted that the results can be modified to apply to the more general system in
which the charges on the nuclei are Z instead of unity; all that is necessary is to multiply
the R columns by Z-! and the E columns by Z2. The case Z = 0-5 is artificial but never-
theless of some interest representing as it does the simplest conceivable neutral molecule.

TaBLE 4. CoMPARISON OF EXACT AND L.C.A.O. WAVE FUNCTIONS OF Lsa,
AND 20, STATES OF THE HYDROGEN MOLECULAR ION

distance from

intfef“nrtlflecgffgxis wave function wave function

= - -~ A e

(in atomic units) exact L.C.A.O. exact  L.C.A.O.
0 0-315 0-233 0-127 0-099
1 Lsor 0-458 0-360 Lo 0-175 0-153
2 27510120 0132 278 10378 0373
3 7 10-030 0-049 710123 0-137
4 0-007 0-018 0-039 0-050
0 0-000 0-000 0-000 0-000
1 %o 0-453 0-536 2% 0-146 0-141
2 2710199 0197 27 10436 0435
3 710078 0-073 — 710158 0-160
4 0-029 0-027 0-055 0-059

In treating complex molecules frequent use is made of the L.C.A.O. approximation, so
it is instructive to examine how accurate thisis in the case of Hy. Table 4 shows a comparison
with the two centre wave functions of the 1ss, and 2p0, states which, on the L.C.A.O.
approximation, are represented by

[e+e2]/[2n(1+S)]* (20)
and [er—e2]/[2n(1—9)] (21)
respectively, r; and r, being the distances of the electron from the two nuclei and § being

the function (1+R-+1R?) e k. (22)

+ A similar table giving the binding energy of an electron in the combined field of a proton and a negative
meson was prepared some years ago but was not published owing to the appearance of a paper by Wight-
man (1950) which included an account of independent calculations on this binding energy. However, it is
perhaps worth taking this opportunity of recording the check on Wightman’s numerical results. (Tables
1, 2 and 3 are printed at the end of the paper.)
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As can be seen the agreement is but moderate. It may be noted also in this connexion
that the use of (20) and (21) in the calculation of the oscillator strength of the 1so, to 2p 0,
transition does not yield very precise results (Bates 1951).

TaBLE 5. CoMPARISON OF THE EXACT AND L.C.A.O. POTENTIAL ENERGIES OF THE
250,, 3/0,, 3do, AND 40, STATES OF THE HYDROGEN MOLECULAR ION

inter- :
nuclear , potential energy 2/R+ E (Rydbergs) N
separation 250, 3pa, 3do, ifo,
e ——  S— A - —
(atomic L.C.A.O. L.C.A.O. L.C.A.O. L.C.A.O.
units) exact approx. exact approx. exact approx. exact approx.
1 +1-154 +1-334 +-1-521 +1-560 +1-550 +0-594 +1:749 +0-894
2 +0-278 +0-380 +-0-489 +0-500 +0-528 —0-170 +0-747 —0-297
3 +0-029 +0-090 +0-160 +0-172 +0-152 —0:324 +0-409 —0-668
4 —0-077 —0-037 +0-010. +0-020 —0-071 —0-364 +0:235 —0-806
6 —0-162 —0-141 —0-122 -0-115 —0-292 —0-372 +0-041 —0:745
8 —0-194 —0-182 —-0-175 —0-170 —0-347 —0-360 —0-085 —0-344
10 —0-209 —0-203 -0-201 —0-198 —0:346 —0-343 —0-170 —0-207
o0 —0-250 —0:250 -0-250 —0-250 —0-250 —0-250 —0:250  —0-250

For the other states it was found, on making a similar comparison to that in table 4, that
the L.C.A.O. approximationt is in the main poor, as of course would be expected since the
atomic orbitals involved are excited. Instead of displaying this comparison, table 5 is
presented as being perhaps of more interest to chemists. It gives the exact and approximate
values of the potential energies of several of the states. Clearly, the difference between
them is sometimes considerable even at quite large inter-nuclear separations. The matter
will not be pursued further in the present paper as a more detailed assessment of the L.CG.A.O.
and other approximations will be published elsewhere.

A number of contour diagrams (figures 1 to 8) are given to illustrate the general form of
the H wave functions. In these the normalization is as usual; the origin of the co-ordinate
system is at the centre of the ion; the position of one proton is marked by a small arrow;
the z-axis is along the inter-nuclear line; and the x-axis is perpendicular to this line and
(in the case of 7 states) to the nodal plane.

Ficures 1 To 8. Contour diagrams of normalized wave functions of Hj.

z

0-05—__ 1 s

0-10
015 o
0-20 —1 —1
TN i\
035 1\ 015 025 [}080] 010 0-05
0-40 035 0-20
(a) R=2 (b) R=4

Ficure 1. lso,

T The o states were treated (cf. Gilbert 1933) as hybrids of the 25 and 2p, atomic states or of the 3s, 3p,
and 3d, atomic states; the 7 states were based on only the 2p, atomic state.
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t ~00z  -002-001 0 001 0-01
Ficure 3(a). 3so,, R=2.
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Ficure 3 (). 3s0,, R=4.
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I [ | | I | |
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(a) R=2 (6) R=4

Ficure 4. 2po,.
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| m | .
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0-06 014 012 0-04 0-08

(@) R=2 () R=4

Ficure 5. 3po,.
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001 ' 001
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Ficure 6. 4po,.
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e e
—~—
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0-01 0-01
(b) R=4

Ficure 6. 4po,.

1\ A
002 006 H 004 0 [-002. =0-02 -001
0-08 -0-01

zZ
1 2 3 4 1 2 3 4
] I I I 0-02 I I l
0-02
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0-04
0-04
0-06 T 006 S
0-08
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0-12 1y \
0-14) n
1 i
) 0 T
(a) R=2 (b) R=4

Ficure 7. 2pm7,.

VoL. 246. A. 29
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0-06/0-05/0-04/ 0-03

(b) R=4
FI1cuRE 8. 3d7Tg.

In conclusion, we wish to thank Professor H. S. W. Massey, F.R.S., for the encourage-
ment he gave us during the course of the calculations.
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NOTE ON THE TABLES

Though the figures in the three groups of tables are generally correct to the last decimal place retained
some are certainly in error by one unit, and there is the possibility that a few are in error by several units;
little significance can be attached to the last decimal place of the bracketed figures.

Casual inspection of tables 3 might suggest that some of the g, series should have been carried further.
This is not the case; these series finally converge extremely rapidly and the higher members (for which
values are not presented) may be neglected.

Derived wave functions should be accurate to at least 1 part in 5000 over the main part of their range.
Moreover, as the smaller f; coefficients are given to extra decimal places, computational difficulties should
not occur in applications in which the usual dominance of the contribution from the larger coefficients is
reduced by effects arising from the orthogonal properties of the associated Legendre polynomials.

Throughout, the internuclear separation, R, is in units of g,, the radius of the first Bohr orbit, and the
energy is in Rydbergs.

29-2
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